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We calculate the linear response conductance of electrons in a Luttinger liquid with arbitrary interaction g,,
and subject to a potential barrier of arbitrary strength, as a function of temperature. We map the Hamiltonian
in the basis of scattering states into an effective low energy Hamiltonian in current algebra form. First the
renormalization group (RG) equation for weak interaction is derived in the current operator language both
using the operator product expansion and the equation of motion method. To access the strong coupling regime,
two methods of deducing the RG equation from perturbation theory, based on the scaling hypothesis and on the
Callan-Symanzik formulation, are discussed. The important role of scale-independent terms is emphasized. The

latter depend on the regularization scheme used (length versus temperature cutoff). Analyzing the perturbation
theory in the fermionic representation, the diagrams contributing to the renormalization group S-function are
identified. A universal part of the S-function is given by a ladder series and summed to all orders in g,. First
nonuniversal corrections beyond the ladder series are discussed and are shown to differ from the exact solu-
tions obtained within conformal field theory which use a different regularization scheme. The RG equation for
the temperature-dependent conductance is solved analytically. Our result agrees with known limiting cases.
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I. INTRODUCTION

The quantum theory of charge transport in one-
dimensional (1D) systems of interacting fermions is a funda-
mental building block of our understanding of electron trans-
port in nanostructures and of a future nanoelectronics. One-
dimensional interacting fermion systems have been studied
since the 1950s, beginning with the pioneering works of
Tomonaga and Luttinger. The early work exploited the fact
that the elementary excitations in these systems are charge
and spin excitations of bosonic character, and led to the for-
mulation of the method of bosonization.!> This method of-
fers a natural description of the fractionalization of the usual
fermionic quasiparticles existing in higher dimensions, into
spinon and holon quasiparticles in 1D. While the bosoniza-
tion method is highly successful in accounting for the prop-
erties of systems in equilibrium, it is somewhat problematic
when applied to transport situations. For example, an ideal
quantum wire attached to two reservoirs is expected to have
a two-point conductance of Ry= % per channel. In contradic-
tion to this general law it was found in early work on trans-
port in clean Luttinger liquids®= that the conductance (here
and in the following conductance will be measured in units
of the conductance quantum Ry) is given by the Luttinger
parameter K, and thus depends on the interaction strength. It
was later pointed out that by carefully choosing the order of
limits of frequency, w— 0, and wire length, L —,%7 or else
by taking into account the screening of the external field by
the interacting electron system,® one recovers the correct
value of unity for the two-point conductance. Whether the
former or the latter explanation is the correct one remains
disputed to this day.

The more relevant case of a Luttinger liquid with poten-
tial barrier has been considered first by Kane and Fisher*’
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and by Furusaki and Nagaosa,” again using the bosonization
method. These authors found that interaction has a dramatic
effect on the conductance: for repulsive interaction the con-
ductance is found to tend to zero as a fractional power of the
temperature 7, in the limit 7— 0. This was shown in the two
limits of a weakly scattering barrier and a strong (tunneling)
barrier. In addition, results in the complete temperature range
are available at special values of the interaction parameter,
K=1 and K=1.451012 All these works suffer from the draw-
back that in the clean limit the conductance is found to tend
to K rather than 1. It has been argued that these results may
be applied to the four-point conductance. However, the four-
point conductance is expected to tend to infinity in the limit
of vanishing barrier strength, a behavior not shown.

For the reasons noted above we think it worthwhile to
develop an alternative formulation of the transport theory of
Luttinger liquids, formulated entirely in the fermionic lan-
guage. The fermionic representation offers the possibility to
connect the fermionic degrees of freedom in the (noninter-
acting) leads smoothly with the degrees of freedom in the
interacting system. In other words, it allows to use the scat-
tering states of the system in the noninteracting limit as a
basis of description. On the simplest level, in lowest order in
the interaction, this program has been carried out in a semi-
nal paper by Yue et al.'* The physics of this problem lies in
the scale-dependent build up of a polarization potential
around the bare barrier, induced by the Friedel oscillations of
the density. For repulsive interaction, the polarization poten-
tial is found to extend farther and farther out as the tempera-
ture is lowered, until at 7=0 it is infinitely extended, leading
to a vanishing transmission probability across the barrier.
The process of gradual growth of the effective potential bar-
rier may be described in the language of renormalization
group theory applied to the transmission probability as a
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function of the temperature. A generalization of the approach
of Yue et al. to the case of two barriers has been given in
Ref. 14. These predictions, based on the continuum version
of the theory, were thoroughly checked and confirmed by the
fermionic functional renormalization group method, starting
from the Hubbard models on a lattice.!>1°

In this paper we report on a significant extension of the
work of Yue et al. to the case of systems of spinless fermions
in 1D interacting via arbitrarily strong forward scattering
(parameter g,) and subject to a short-range barrier potential
(width @). The principal tool we will be using is perturbation
theory in the interaction, summed to infinite order. To
achieve this goal, and to gain insight into the structure of
perturbation theory, we map the problem first onto an effec-
tive model of interacting currents of chiral fermions. The
reformulation allows to describe the effect of the barrier po-
tential as a local magnetic field at the position of the barrier,
acting on the pseudospin vector of the chiral current. The
logarithmic corrections to this field, stemming from the fer-
mionic interactions can be addressed in a simplified poor-
man scaling approach; however this approach becomes am-
biguous in higher orders. Therefore at a later stage we will
apply the Callan-Szymanzik type of analysis, by first intro-
ducing the counter terms to magnetic field part of the Hamil-
tonian to compensate the effect of the interaction, and sec-
ondly requiring the “bare” value of the field to be
independent of the high-energy cutoff. Equivalently, we may
assume the scaling property of the conductance to hold, en-
tailing the existence of a renormalization group equation for
the conductance as a function of the scaling variable A [at
finite temperature A=In(Ty/T)]. By comparison with the
structure of perturbation theory for the conductance, which is
given by a power series in the interaction and in the scaling
parameter A, one may extract the renormalization group
(RG) B-function. In this way we derive a universal renormal-
ization group equation for the conductance as a function of
the scaling parameter.

The most important consequence of the current algebra
formulation is, however, to allow for an efficient organiza-
tion of perturbation theory. After presenting the formulation
of perturbation theory as well as a few low-order results we
analyze the structure of the perturbation expansion with re-
spect to logarithmically divergent terms containing powers
of A=In(L/a) or In(T,/T). We identify a class of universal
diagrams contributing the principal terms linear in A and
derive an integral equation resumming these contributions
(“ladder approximation”). These terms are shown to domi-
nate in both limits, small and large conductances. We iden-
tify the prefactor of the terms in the perturbation series for
the conductance G linear in A with the renormalization
group B-function of the flow equation of G(A). There is,
however, one important new feature: there appear scale-
independent terms (from third order on), which lead to a
correction of the conductance even at A=0, the ultraviolet
cutoff. These terms must be taken into account, in order to
preserve the scaling property of the conductance, and lead to
a starting value of the conductance G(A=0), different from
the conductance in the absence of interaction.

The RG equation may be solved analytically in the ladder
approximation, to give the conductance as a function of tem-
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perature for any interaction strength and barrier potential.
The result completely agrees with earlier work, where a com-
parison is appropriate We emphasize that our result for the
conductance reduces to unity in the absence of a barrier.
Furthermore, the effect of screening of the external field® is
included by omitting all polarization diagrams. We checked
the renormalizability of the theory explicitly by calculating
all terms up to third order in A and g,.

At intermediate temperatures (semitransparent barrier) ad-
ditional diagrams contribute small corrections to the
B-function. We calculate these terms in lowest (third) order
in g,. A proper treatment of these contributions requires tak-
ing into account scale-independent terms in a way sketched
above. We demonstrate explicitly that the resulting
B-function is uniquely determined for a given physical quan-
tity. However, S turns out to be a slightly different function
for the two cases of interest here, the temperature-dependent
and the length-dependent conductances. The result of the so-
lution of the RG equation for the conductance, using the
approximate S-function thus obtained, is found to agree
quantitatively with all known results on the scaling behavior
of the conductance in the limits G—0 and G—1. In the
intermediate regime G~ 1/2 we find small discrepancies
with the results of conformal field theory in the case K =%,
which we can trace back to a different cutoff scheme used
there and the effect of higher-order terms neglected in our
work. As an excellent interpolation formula between two ex-
act limits our result goes beyond all previous works: it is
valid for any interaction strength K and any potential scatter-
ing strength.

Formulation of the problem

The Hamiltonian includes the kinetic energy of freely
right- and left-moving (R,L) spinless fermions with linear-
ized dispersion, H,, the interaction energy between the left-
and right-moving densities, H;, and the impurity part de-
scribing scattering off the barrier, placed at the origin, H,,,

H=H0+H1+Himp’

Hy= UFf dx{ (0 e — 0, (i0) ¢ 1.

L
H=g f dx (P (Wi ). (1)
L

In order to regularize the theory, we assume that the region
of interaction |x|>a, where g,#0, and the region over
which the impurity potential is nonzero, |x| <a~ kg (k. is the
Fermi wave vector) do not overlap spatially. The length scale
a will serve as an ultraviolet cutoff in the scale-dependent
logarithmic corrections considered below.

The last term, H,,,, in Eq. (1) is not explicitly specified
here (but see below). We will rather take the one-particle
scattering states to be known. This means that we character-
ize the barrier by transmission and reflection amplitudes ¢
=f=cos 0, r=—F*=i sin fe'®, with negligible energy depen-
dence in the energy range of interest (here f, 7, r, and 7 are
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the usual components of the impurity scattering matrix). No-
tice also that we assume the system to be noninteracting in
the leads, |x|>L, which allows for an asymptotic single-
particle scattering states representation.

We define the creation operator of scattering states as

'ﬂ;(x) = (™ + re™)e -{-k + ?ke_”“c;k’ x<0

=™l + (Fe™ + ™) el x>0 (2)

with c}k (Cgk) the creation operators of asymptotically right-
going (left-going) fermions of momentum k. Such a repre-
sentation requires the kinetic energy part of the Hamiltonian
to be of the form —V2/(2m), and the momentum, k=+2mE
>0, before the linearization of the dispersion around the two
Fermi points. In Appendix A we clarify the correspondence
between scattering states representation (2) and our linear-
ized Hamiltonian (1) written in the basis of chiral fermions.

For simplicity we do not consider the so-called g, part of
the fermionic interaction in this work, i.e., the term
584 i) I_‘de[(lﬁ;lﬂR)2+(lﬂZlﬂL)2]. For L—o the g, interaction
can be absorbed into the redefinition of the Fermi velocity,
Up=Up+g4/ 2. For finite L one can show that g, does not
lead to a renormalization of dc conductance, which is the
quantity of interest below. The effect of g, on the ac conduc-
tance can be analyzed, following the guidelines in Refs. 7
and 17.

It appears that in the case of weak potential scattering,
U(x) <Ep, and for electrons with energies close to the Fermi
energy, Ep, the situation is characterized two limits of the
Fourier transform U(g) of the potential: the forward scatter-
ing amplitude, U(¢=0)=u,, and the backward scattering
amplitude, U(q = 2ky)=u,, with real-valued u; and complex-
valued u,. The fermionic Hamiltonian H,,,, in Eq. (1) is then
written as

Hipp=vp f dx[u, (X) (b + i ) + (un () o + hc)],
(3)

where the dimensionless functions u; ,(x) are short-range im-
purity potentials, which means that u; ,(x)=0 for |x|>a and
the above amplitudes u »=[dxu; »(x).

In Appendix A we show that the connection between the
microscopic Hamiltonian and the S-matrix can be clarified in
some simple cases, but requires a detailed knowledge of
uy (x), when one goes beyond the lowest Born approxima-
tion.

Returning to Eq. (2), we define Fourier transforms,
Yr(0) =[5t and Y(x) =[5 e MG, . Then we have
for the electron creation operator at position x

P (0) ={O (= [ Y] () + rf (= x) + g5 (x) ]
+ Oy (x) + 7 (- x) + Y3 (D)1}, (4)

with the step function O(x)=1 at x>0.
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II. INTERACTING CASE, PREVIOUS WORKS
A. Boundary sine-Gordon model

In bosonization technique, the chiral fermions are repre-
sented as exponentials of chiral boson fields, ¢;~e‘i“’R, lﬂz
~ ¢'L, with the fields @g(;)=¢ + 6. Here the primary field ¢
and its canonically conjugate momentum IT=7"'9,6 obey
the commutation relation [ ¢(x),I1(y)]=i8(x—y). We have for
the density 1//;1,/1R+ l/le//L=¢9x(P/ 7 and Hamiltonian (1), Eq. (3)
can be represented as

H=—E f K (3,0 + K~ (3,0)
21T

+ 2u,(x)dp(x) + uy(x)cos 2¢(x)]. (5)

One has vp=vy and K=1 for free fermions, whereas the
short-range interaction H, between the fermions, Eq. (1),
leads to the renormalized Fermi velocity op=vp(1-g%)"?
and the Luttinger parameter K=[(1-g)/(1+g)]"?. Here and
below we use

g =8,/2mvp). (6)

One usually argues that the term u; can be absorbed into
a redefinition of @(x)— ¢(x)+u; sgn(x) (cf. Appendix A).
After this redefinition one concentrates on the u, term which
constitutes the boundary sine-Gordon (BSG) problem. A so-
lution to this problem, in the lowest order of u, was pre-
sented in the early work.* Focussing on the small-energy
sector of the problem, one uses the renormalization group
approach, removing the higher-energy states of the problem
while simultaneously rescaling the parameters of the action.
It turns out that under this procedure the amplitude of the
BSG term is renormalized as

Uy — ”2€(I_K)A, (7)

where the RG scaling variable A=In Er/€>0. As a result,
the conductance at small u,, given by G=||>=1-u3, under-
goes a similar renormalization

G = 1-|u?e* ™A, (8)

with the lower cutoff in A defined by temperature or voltage
bias, A=In E;/max[T,V]. We shall confine ourselves to the
linear response regime, V<<T in the following.

For repulsive interaction K<<1 the conductance decreases
with falling temperature. When the renormalized impurity
potential becomes strong, |up[?e® KA ~1, the weak-
impurity assumption is violated and one should use a differ-
ent line of reasoning. One may think of two semi-infinite
parts of the wire, connected by a weak tunneling link ¢. An
appropriate RG treatment shows that the repulsive interac-
tion leads to a further decrease of the conductance, which
acquires the form

G = |t|2e2(rl_l)A. (9)

These two regimes, Eqgs. (8) and (9) show different scaling
exponents, which are approximately equal for small interac-
tion
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1-K=K'-1=g¢.

A smooth crossover between the two asymptotes (8) and (9)
was first explicitly provided for a special case of interaction
strength, K=1/2, which is known as Luther-Emery refermi-
onization point. The full curve for the conductance was
obtained*>!? in the form of a one-parameter scaling func-
tion.

In subsequent works'""!? the BSG model was analyzed at
arbitrary values of Luttinger parameter, K. The set of coupled
integral equations was shown to be finite for 1/K=1,2,3...
and the solution for K=1/3 was derived, in particular. Cor-
responding scaling functions for the conductance were ob-
tained for finite 7 and voltage bias on the contact V either by
numerical solution of the corresponding integral equation or
as a series in powers of the scaling parameter, see also Ref.
18. For practical purposes this form of representation is not
very convenient.

In principle, the statement of a one-parameter scaling
function for the conductance and the knowledge of its actual
form provides a solution for the temperature renormalization
of the barrier apparently at arbitrary strength. However, it
was noted in Refs. 11 and 12, that “the strong-barrier prob-
lem which is at the end of our renormalization-group trajec-
tory follows formally from dimensional continuation of the
integrals for the weak barrier problem. It is not in any case a
generic strong-barrier problem.”

B. Fermionic approach, RG for S-matrix

Yue et al.'® have developed a theory, starting from the

formalism of scattering states and taking into account the
fermionic interaction in lowest order of perturbation. They
arrived at the RG equation for the transmission amplitude ¢
in the form

a e
A gr(1=e). (10)

The solution to this equation is found as

fo (11
P+ (1 P )
which, in leading order in g, agrees with Egs. (8) and (9).
The advantage of this approach is its applicability for ar-
bitrary strength of impurity potential. One may thus avoid
the step involving the transition from initial Hamiltonian (5)
to the observed conductance, which as we saw above can
depend on the short-distance (ultraviolet) details of relevant
quantities. This view is further corroborated by the work by
Callan et al.'"® who discussed the solution of the noninteract-
ing (K=1) BSG theory, and arrived at a current algebra for-
mulation similar to our formulation below. These authors
show that the connection of initial model (5) to the observ-
able quantities depends on the ultraviolet regularization. We
will return to this point in our discussion below.

II1. SCATTERING STATES AND CURRENT ALGEBRA

In the above we defined scattering states representation
(4) in chiral representation. In order to describe the effects of
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interaction, we need to define fermionic densities in the same
basis. One may form four bilinear density combinations out
of two chiral fermions. It is convenient to group these com-
binations into chiral densities or “currents,” according to

. YO () P g(-x) )
X)= s 12
/0 (@(—x)w,(x) U= D)= x) (12
E(J0+.J3 Jl—iJz)' 13)
J1+1J2 JO—J3

We call J, the pseudocharge current and the vector J
=(J,,J,,J5) the pseudospin current. These operators obey
U(1) and SU(2) Kac-Moody algebras, respectively,’-?° as we
discuss below.

The particle density operators for incoming (i) and outgo-
ing (o) particles in terms of the J,’s are given by (here and in
the following x> 0)

pir(=X) = Y1 (=) (= x) = Jo(=x) + J3(=x),  (14)
pi(X) = YA(X) s (x) = Jo(= x) = J3(=x), (15)
Por(x) = (1] (x) + Fpi (= X)J[* 4 (x) + F*iha(= 1)1,
=[5.J(x) . 511y, = Jo(x) + T5(x), (16)
por (=) = [rh (x) + T (= ) I[r* gy () + Ty (= 0],

=[S.J(x) . STy = Jo(x) = T5(x). (17)

Here 73=(Rj)3 is the third component of the pseudospin cur-
rent vector J rotated by the orthogonal matrix R,,, given by

1
RM,,=ETr[0M.S.a',,.ST]. (18)

with Pauli matrices o,. It is seen from Eq. (18) that the
global phase of S drops out completely. Omitting this phase,
we parametrize

I F cos 6 isin B
s=\ )=l -0, (19)
r T i sin fe' cos 0

In this notation, the components of interest below read Rs3
=|t]*~|r|?=cos 260, Rsy=Im{t7+7r*}=—sin 26 cos ¢, and
Ry =Re{t7* —1r*}=sin 26 sin ¢.

We see that the description of the barrier is given by the
eigenmodes of the current J;(x), with negative and positive x
and i=0,...,3. In this picture, the incoming current is given

by the diagonal components of the J matrix, and the outgoing
currents correspond to the diagonal components of the ro-

tated matrix SJS'. Evidently, the pseudocharge component J,,
is not affected by this rotation.
A. Formal identities and Green’s functions

The chiral densities introduced above satisfy the Kac-
Moody commutation rules
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(o)) = =0t =),

100001 = 785,805~ 3) + i (3)80x =),

(20)

with j,k,l=1,...3 and totally antisymmetric €. The short-
distance operator product expansions (OPEs) are

-1 1
Jo(x)Jo(y) = Py ——c
_Zl_ 1 eiy)
Jj(x)]k(y)_ 87 (x—y—i0)> 2mwx—y—i0’ @1)

In simple terms, relevant to our discussion below, one can
consider Eq. (20) as a consequence of Eq. (21). In their turn,
the OPEs [Eq. (21)] simply represent fermionic Green’s
functions, [27(x—y)]™!. A bilinear form in the currents is a
product of four fermion operators; the complete convolution
of these gives a product of two two-point Green’s function
(modulo normally ordered operators), and the partial convo-
Iution produces a Green’s function multiplied by bilinear
forms in the fermion operators, i.e., current operators. The
position argument of the latter current operators [last term in
Eq. (21)] is subject to ambiguity, but usually this concerns
only less relevant terms. In our analysis below we deal with
an action nonlocal in the currents, and to handle such an
ambiguity becomes an increasingly difficult matter. This is
why we resort to the perturbative treatment in terms of chiral
fermions.

B. Observable current and conductance

The physical charge density is p(x)=p;r(x)+p,.(x) at x
<0 and p(x)=p,r(x)+p;(x) at x>0. A simple calculation
shows that

p(x) = p.(x) + py(x),

pe(x) = Jo(=x) + Jo(x),

py(x) = sign(x)[= J5(= |x|) + T3(]x)]. (22)

The physical current operator is also decomposed into two
parts, in the pseudocharge and pseudospin sectors. We use
the continuity equation —d,j(x)=d,p(x)=—i[ p(x), H] to obtain

J() = jx) +jigx),
Jex) = vp[= Jo(=x) + Jp(x)],

js(x)va[JS(_ |x|)+j3(|x|)], (23)

It follows then that the pseudocharge current corresponds
to the part of physical density which is even with respect to
the reflection at the scatterer, p.(—x)=p.(x). The pseudospin
current corresponds to the odd part of the density, py(—x)
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=—p,(x). This symmetry property simplifies the discussion of
a voltage bias, applied to the barrier. One sees immediately
that applying the same electrochemical potential to both
leads of the wire corresponds to its coupling to the pseudo-
charge current. It results in an overall increase in the fermi-
onic density, symmetric with respect to the barrier, and not to
a net physical current. By contrast, an electric potential of
the form V(x)=%V sign(x) couples only to the pseudospin
part, leading to a term in the Hamiltonian

Hy= Vf dx[]3(x) - J3(=x)].
0

The physical current induced by a bias voltage is therefore
given in linear response theory as

(j(x,w)) = G(x, ) V(w),

Glx,1)=- ie(t)< {js(x,t),f dyps(y,())] > (24)
0

A remark is in order here. Strictly speaking, the prefactor vy
in definition (23) applies for noninteracting leads. In the in-
teracting region we have to replace vy—vy—g,/2 in Eq.
(23). We may avoid this complication, analyzed
elsewhere,”!” by assuming in Eq. (24) that both j(x,7) and
p,(y,0) are placed outside the interacting region, x,y>L.
The change in the limits of integration over y in Eq. (24) is
not important in the limit of dc conductance |w|<vj/L, con-
sidered below.

C. Hamiltonian

It is known that fermions with linearized dispersion in one
spatial dimension can be described by a Hamiltonian, qua-
dratic in chiral fermionic densities. This observation, usually
attributed to Tomonaga, is the basis of the bosonization
approach.! Similarly to Eq. (5), we have

Hy= WFJ dx[PiZR(_ x)+ P?L(x) + Pik(x) + P%L(_ x)],
0

which can be represented as

o]

0
Hy= ZﬂTUFf dx[Jé(x) + J%(x)] + Zﬂvpf dx[Jg(x) + E(x)]

0 0
(25)
The interaction part is
L
H,= ng dxl pig(=X)por(=x) + por(x)pi (X)],
L ~
=2¢> f dx[Jo(=x)Jo(x) = J3(= x)J5(x)]. (26)

In Fig. 1 we show in a pictorial way our parametrization of
the fermionic densities and the interaction, H;. In Fig. 1(a)
the g,-interaction processes are shown in the usual scattering
configuration. The representation in terms of the chiral cur-
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L o1
! ;gz > < £ g
(2)

rents J,, (all particles moving to the right) is shown in Fig.

1(b) and leads to a seemingly nonlocal interaction. Notice
that in the case of perfect reflection, =0, we have .73=—J3
and the observable densities (see below) form an Abelian
U(1) subalgebra of SU(2). This case of “open boundary
bosonization,” considered by Fabrizio and Gogolin, allows a
complete and rather simple analysis.?! In the next subsection
we elucidate what happens at the origin, x=0.

D. Barrier as magnetic field
finds that R;

Using parametrization (19), one i
=exp(€;By), i.e., it is a finite rotation characterized by the
dual vector B=26(cos ¢,sin ¢,0). We cannot symmetrize
the Hamiltonian in the pseudospin space, reducing it to the
so-called Sugawara form,! because the vector B breaks the
SU(2) symmetry of the problem. We may symmetrize the
Hamiltonian in the plane perpendicular to B, but that pro-
vides little advantage.

The above formulation of the problem, incorporating the
knowledge about the scatterer in the asymptotic scattering
states, is equivalent to the alternative formulation of the
pseudospin current being rotated by a fictitious magnetic
field B located at the origin. The pseudocharge sector re-
mains unchanged and the pseudospin sector of the problem
can be equivalently described by the following Hamiltonian:

H' = f dx{2770 03(x) = 8205(~ 1) 03(x) + v4B;05(x) 5()].

(27)

where the operators OJv(x)EU%J (x)U, with j=1,2,3 obey
Kac-Moody relations (20). The two Hamiltonians, Egs.
(25)—(27), are connected by a canonical transformation H’
=U'HU, where

U =exp iJ dxBJ (x).
0

We derive the relation between O;(x) and J;(x) in Appendix
B.

Equation (27) resembles the Hamiltonian for the Kondo
problem in the current algebra representation.”’’ However
there are important differences. The first one is the nonlocal
interaction g, between the incoming and outgoing waves in
our case. The second difference is the classical nature of the
field B, as opposed to the quantum nature of the Kondo spin
S.

The matrix Green’s function for chiral fermions is diago-
nal in pseudospin space when defined in terms of the
asymptotic eigenstates. However in terms of the usual right
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FIG. 1. (Color online) (a) The
interaction of the left- and right-
going densities in the basis of
scattered waves. (b) The interac-
tion of the left- and right-going
densities in the chiral basis, corre-
sponding to nonlocal interaction,
Eq. (26).

and left movers its matrix structure is evidently given by Eq.
(19), which shows the action of the magnetic field S
=exp isB, with s= %(r. We will use this fact in Sec. VI below.

IV. RG EQUATION FOR S-MATRIX

Let us show how the renormalization group equation for
the many-body S-matrix is simply reproduced in the current
operator formalism. Following Affleck and Ludwig,® we
write the g, term of the S-matrix in the interaction represen-
tation as

L
T, exp 2ig2fdtf de3(—x)(IéJ)3(x).

Expanding the latter object in first power of g,, we find at
given ¢

L
- Zng dxJs(= x)R5,J (x).

Applying OPE rules (21) to the last expression one finds an
operator term

Ji(0)
Jy(=x)0) ~ FEE

After eliminating the distances close to the scatterer, i.e.,
integrating over x from « to a certain a', which serves now
as new lower cutoff, we obtain the term which can be re-
exponentiated to the action giving a contribution of the form
OoH= Uprka(O), with

g [“dx
%B= fsfkaﬁf P
FJda

We notice further that E3ij3jEEk=Sin 26(cos ¢,sin ¢,0),
i.e., the additional magnetic field at the origin is parallel to
the above B, and we may restrict the discussion to the

change in modulus, B— B+ 6B. Denoting dA:fZ’dx/x, we
obtain d(26)/dA=g sin 26, or
dsin® 0
dA

=2g sin® 6 cos’ 6, (28)

which is equivalent to Eq. (10).

After this verification of the previous result in the first
order in g, we are tempted to obtain the next-order correc-
tions to RG Eq. (28). It turns out however that working en-
tirely in the current operator formalism gives no advantage in
such analysis, as we explain in the next subsection.

045109-6



CONDUCTANCE THROUGH A POTENTIAL BARRIER...

Higher orders in current operator formalism
Let us return to the last term in Eq. (21)
€ini(y)
Jy) ~ 55—
2m(x-y)

Using definition (12) and free fermionic Green’s functions,
one obtains, e.g., the precise relation

P () (= y) + () (= x) + h.c.
8m(x—y)

Jo(x)J5(y) = . (29)
modulo the normal ordered part. Evidently, the numerator in
Eq. (29) is reduced to 4J,(y) only in the limit x=y. In other
words, relation (21) is the “short-distance” expansion and
must be used with caution. The meaning of relation (21)
becomes clearer when we compare the results obtained
within the purely fermionic (and thus unambiguous) ap-
proach with the results provided by the use of Eq. (21).
When available, this comparison yields identical results in
the limit of large (external) times and distances. Hence, re-
lations (21) provide a good mnemonic rule for a quick esti-
mate of a given contribution to a desired quantity. However,
if we want to obtain concrete prefactors and verify the renor-
malizability of the theory, it is better to use the standard
fermionic approach, treating the currents J; as pseudospin
vertices. Proceeding this way below, we use a symmetry of
the problem, namely, the unitarity of the S-matrix related to
the conservation of charge, which leads to a pure rotation of
the vector current operator after the scattering event.

A different attempt to explore the current structure of the
theory would be the use of the equation of motion method,
which we describe in the Appendixes C and D. If successful,
this strategy would account for the influence of interaction in
all orders. The main difficulty arising in this approach is the
nonlocal character of interaction (26) and the appearance of
an infinite series of coupled equations. We show in Appendix
D that the attempt to truncate this series by considering the
“most relevant” contributions leads, perhaps not surprisingly,
to the restoration of the previous result, Eq. (11). In order to
go beyond this level of consideration, we use the regular
perturbation theory in chiral fermions in the remainder of the

paper.

V. CORRECTIONS TO CONDUCTANCE:
PERTURBATION THEORY

A. Diagrammatic technique

Let us first formulate the rules for the calculation of cor-
rections to the conductance in perturbation theory in the in-
teraction g.

The contributions to G({},,) in nth order of g, may be
calculated with the help of Feynman diagrams in the
position-energy representation (£2,, is the external Matsubara
frequency). We draw n vertical wavy lines in parallel, each
carrying the factor —2g,, the upper endpoint of the ith line at
—x; with pseudospin matrix %Tiﬁ, the lower one at x; with
matrix %R:; uThp attached; a,(B) are pseudospin indices of
incoming (outgoing) fermion lines. The external vertices are
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at —y with matrix %7'3 and at x with matrix %(R 7)3. The vertex
points are connected by Green’s functions

G(x;m,) =— iv;-lsign(wn)e(w,,x)e_“’""/UF, (30)

where the w, are Matsubara frequencies w,=(2n+1)7T. All
internal x variables are integrated on the positive semiaxis.
The trace over the product of all isospin matrices in each
fermion loop is taken and a factor of 1/n! is applied to each
nth order diagram. The limit (),,— +0 is taken at the end.

After this brief overview we provide further details about
our calculation.

(i) From Egs. (23) and (24) it follows that only two out of
four correlation functions in G(x,w) are nonzero. Namely,
the chiral character of currents (21) leads to
(J5(x,1)J5(y,0)),=0 at x<y. Then assuming y>x=L in Eq.
(24) we get

G(x,1) ~ f dy([J3(=x.1) + T3(x,1),J5(= 3,0) ).

The first term here gives a contribution GCMNw—0)=1/2; it
is not affected by interaction. The second term is GP(w
—0)=R33/2=cos(26)/2 for free electrons so that G=G"
+GP=cos? 6=[t|* as expected.

(i) It is this second
~(J5(x,0)J5(=y,0)), which undergoes renormalization. Let
us denote this quantity by Y,

correlation  function,

Y=2G-1=R3;=cos 26. (31)

The decrease in the conductance can be viewed as the in-
crease in the rotation angle 6. Below we discuss the correc-
tions to Y.

(iii) In order g", we draw a diagram which contains 2n
+2 current vertices. Two currents are external, and 2n come
from n pairs of currents in each interaction term. We fix the
coordinates of the interaction terms and calculate the dia-
grams. In the limit of external frequency () — 0 each diagram
is Q)™ with m = 1, the integration over external y in Eq. (24)
reduces this power m—m—1 so that only the linear-in-Q
contribution survives in this limit; see also paragraph (viii)
below. After this procedure we have finite contributions, de-
pendent on the positions of interaction points, x;, and should
integrate over these positions.

(iv) These last integrals over x; (i=1,...,n), if taken over
the entire semiaxis (0, ), diverge logarithmically and it is
precisely at this step when we have to introduce the cutoff, as
we discuss at length below.

(v) Each current vertex has matrix structure and is o for
a current at negative coordinate (before scattering) and
cos 200 +sin 2 0o, for positive coordinate (after scattering).

We denote these matrices by \7j. Corrections are generated by
connecting all current vertices by Green’s functions. Techni-
cally, we employ Mathematica and generate all possible per-
mutations {j;,j,,...,jonat Of vertices and make one fermi-
onic loop, connecting these vertices in given order. The
advantage of current representation is that the information
about the scattering is encoded in Pauli matrices and the
kinetics is given by chiral Green’s functions (30). The matrix
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FIG. 2. Three Feynman diagrams, depicting the first order in g,
contribution to the conductance. The other three diagrams are ob-
tained from these by reversing the direction of fermionic
propagation.

structure produces an overall prefactor before the diagram of
the form

1.

| NN .
ETr[leij o Vj2n+2

(vi) Other corrections are generated when 2n+2 current
vertices are connected by more than one fermionic loop. We
denote these structurally different sets of diagrams by listing
the number of current vertices in internal loops. In the zeroth
order of g we have the trivial set {2}; in the first order of g
we have only a set {4}. In second order of g we have two
sets, {6} and {4, 2}. In the third order of g we have four
different sets: {8}, {6, 2}, {4, 4}, and {4, 2, 2}. Some of these
diagrams are shown in the Figs. 2 and 3.

(vii) To exclude double counting of different graphs in
this procedure, we should fix one element in each loop. We
always fix one external vertex as a first element in the first
loop. In addition, we assume that the coordinates of internal
vertices are ordered, i.e., L>x; >x,>x3>0, etc. Then, e.g.,
the number of graphs in the {8} set becomes 7!=5040. In the
{6, 2} set, one has 7!/2 graphs, with factor 2 stemming from
the necessity to fix one element in the second loop. Similarly,
the set {4, 4} is obtained by taking 7! permutations, then
partitioning each permutation into two parts of length 4,
summing all possible diagrammatic contributions and divid-
ing the result by factor 4 to account for the necessity to fix
one element in the second loop.

(viii) We do not explicitly require that both external ver-
tices belong to the same loop, e.g., in the diagrams of the {4,
2} type. However, before the final integration over the inter-
nal coordinates, we seek contributions, which are propor-
tional to the first power of external frequency (), this linear
dependence coming from two external vertices belonging to
the same loop. If these vertices belong to two different loops,
then such diagram is proportional at least to Qﬁ After ana-

e s W - T i

L TN L I, o o,
o o vy
+( :JJ/\{\\/\{\'IJV + ml_\’\:;/J' + symm.)

FIG. 3. Skeleton Feynman graphs, leading- to lowest-order
logarithmic contribution, g3A, beyond ladder series.
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lytic continuation i€}, — () and (nonlogarithmic) integration
over interaction region (L, L), we have an extra factor, (0L,
which is small in the limit ) — 0. In other words, we neglect
the screening of external field, which is given by RPA series
where fermion polarization loops are (1-reducibly) con-
nected by interaction lines. It is allowed when measurement
times, ~w™!, are large compared to times of travel through
the interacting region, L/vy. Thus we find the value unity for
the conductance in the absence of the barrier.®”:!7

B. From perturbative corrections to the RG equation

In this subsection we discuss the general form of correc-
tions to the conductance and outline basic ideas of the renor-
malization group approach, which we will use below.

Starting with the conductance 0 <G <1 in the noninter-
acting limit, the corrections 6G induced by the interaction
take the form of a power series in g. More precisely, we
discuss the equivalent quantity Y=2G -1, equal to cos 26 in
the limit g— 0. We denote the quantity Y, renormalized by
interaction effects, by Y,, and recall that it may be repre-
sented as a power series in g. The coefficients of this series
contain terms varying as powers of A=In(L/L;) (at zero
temperature) or A=In(7,/T) at finite temperature T in the
limit of large L. Here L and T|, are ultraviolet cutoff param-
eters. Accordingly, Y, may be represented as a double series,

Yr = YO + bllgA + b22g2A2 + b21g2A
+b33g3A3+b32g3A2+b31g3A+ Tt (32)

with b;; functions of Y. The terms of the form (gA)" in Eq.
(32) are conventionally called “leading” contributions, and
the terms of the form g"A™ are called “subleading” for n
>m. The first term Y|, is the sum of all scale-independent
contributions

YOE Yr(A=O)= Y+b20g2+b30g3+ Tt (33)

Naively speaking, the correction should be small §Y=Y,
—Y <Y, in order to be considered as a correction. More pre-
cisely, series (32) should be converging. When all |b;;|~1
and A> 1, this convergence is achieved for gA <1 which in
turn imposes stricter conditions on the smallness of g. How-
ever, assuming that Y,(g,A) is an analytic function of A, we
expect that an analytical continuation from the region of
small A to large A should be possible.?* Then we can relax
the requirement of the smallness of g. Rearranging the above
series we write

Y =Yor A AT B

where the coefficients B; are functions of Y.
If the theory is renormalizable, the following scaling re-
lation holds:

Y,(.Y.T)=F(g,7/0),

where ©=0(g,Y) is the correlation temperature of the prob-
lem (an analogous relation holds for the scaling with L at
zero temperature). The scaling property implies the existence
of a renormalization group equation
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Y, (g,Y,A)

EES = Bl Y (), (33)

where B(g,Y,) is the so-called B-function. To obtain B from
perturbation theory we take the first derivative of Eq. (34)
with respect to A and put A=0,

dy,(g,\)

A A=0=,31(g,Y) = B(g.Yy). (36)

In the last equation we have replaced Y by Y(Y,), obtained
by inverting series (33) for Y, in powers of Y, which trans-
forms the function B,(g,Y) into B(g,Y,). Now we see that
Eq. (36) is nothing else but RG equation (35) at A=0, where
Y,=Y,. Consequently, the function B(g,Y,) is the true
B-function.

To check whether the scaling and therefore the RG equa-
tion holds, we may integrate Eq. (35) to recover the pertur-
bation series, by employing the inverse function

(" ay
- Y B(g’Y)

Alternatively, noting that ﬁ: ﬁ(Y)(% we may obtain the

Taylor expansion in powers of A directly in the form

A

(37)

V(0 =Y+ ABY) + SABNE (1)

+ éA3B(Y)[B(Y)B’(Y)]’ +oe (38)

with a prime denoting the differentiation with respect to Y.

In what follows we, firstly, verify structure (38) of the
theory up to third order in g, using computer algebra. Thus
we show the applicability of the RG approach. Secondly, on
the basis of this analysis we propose a method of resumma-
tion of the most important contributions to the B-function in
all orders of g.

But before presenting these results we return to the sig-
nificance of the scale-independent terms in the perturbation
theory (the difference between Yy and Y), as this problem has
been sometimes overlooked in the literature. In the first order
of g we can absorb such finite terms into the definition of A.
However, after this fixing of the definition of A, higher-order
scale-independent terms cannot be removed by redefinition.
For example, we should expect a term b,,;g%(A+c) with ¢
~ 1 in the second line of Eq. (32). It is clear that in the third
order we can find a corresponding multiplicative contribution
~b,1by1g°A(A+c), which contains a linear-log term and
thus affects the definition of the SB-function in the form of
Eq. (36). Evidently, such terms arise only at the level of g°,
or “in the third loop,” and do not affect the leading-log con-
tributions. As this problem is of principal importance, we
present in the following a second line of derivation of the
B-function.

Within the Callan-Symanzik (CS) formulation of the RG
method?*> one may start with the perturbation series of Y,
in terms of the bare conductance Y, Eq. (32). The latter re-
lation is inverted and Y is expressed in terms of the “run-
ning” parameter Y,
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Y=Y, +by1gA +bypg*A* + by A
+E33g3A3+E3283A2+531g3A+ Y (39)

with l;ij functions of Y,. Expansion (39) is the essence of the
CS formulation, appropriate for our problem. Here Y is un-
derstood to be a function of the two variables Y,(A) and A.
Since the quantity Y is independent of A we have the relation

O_d_Y_a_Y_i_ﬁaYr (40)
T dA 9N 9Y, A
or
5 Y, dYIoA 41)
oA aviey,

In practice, the calculation of the B-function from Eq. (41)

requires the calculation of the coefficients Eij from perturba-
tion theory, which is analogous to the transformation of
Bi(Y) to B(Y,) discussed above. If everything is done cor-
rectly, then Expression (41) does not depend on A explicitly.

The CS procedure described above is different from the
Gell-Mann-Low (GL) formulation of RG. In the latter one
considers the value of conductance used in the calculation to
be defined at the scale A, which means Y, in our notation. To
eliminate the large terms involving A one introduces coun-
terterms into the Hamiltonian (cf. below), in order to guar-
antee a finite value of the bare conductance, with a resulting
equation similar to Eq. (39). Usually the insertion of the
counterterms is done in the “minimal subtraction” scheme,
meaning that scale-independent contributions are omitted. As
we show in Appendix G, this GL formulation leads to ambi-
guities in the definition of the B-function at the level of the
third loop, in contrast to the CS formulation or the scaling
formulation presented in Eq. (36).

C. Summary for the zero-temperature case

In the perturbation theory calculation the logarithmic fac-
tors appear at the last step, when integrating over the points
of interaction. Prior to this step the calculations are straight-
forward. We proceed first with the zero-temperature case. In
this case the sums over discrete Matsubara frequencies trans-
form into integrals over imaginary energies, which are rather
easily done by computer symbolic computation.

Each diagram contains a prefactor Qe+ with the two
external vertices at x,y>0. Integrating over y and putting
Q) — 0 makes this prefactor unity. Equivalently, we may keep
only the first linear-in-() term in each diagram and let ()
=0 in its remaining part. In the first order of g the correction
is given by the diagrams in Fig. 2. The vertex correction part
in Fig. 2(c) cancels and the two first diagrams give an ex-
pression which contains 1/x;. This should be integrated over
the point of interaction x; in the limits (a,L) which produces
a factor

Ay=1InL/a. (42)

Similarly, in the second order of g we have two contribu-
tions, (x;x,)”" and (x;+x,)~2, which lead to Aé and A, re-
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spectively. We provide further details in Appendix E and list
here only the summary of our calculation.

Grouping corrections in powers of g, as in Eq. (32) we
have for the renormalized quantity Y,

Y, =Y —cygA(1 = Y?) + gY(1 = Y?)[- cip(A* = ay) + cpa
X(A=a))2]+ g (1 = YH)[- crgy(A* = 3Aa,)(Y* - 1/3)
+cg(1 =Y Aay + cig VAN —ay) — ey (1 - Y?)
X(A%4 = azA\) = cyyn0(1+ YHA/4], (43)

where @=[21n2,7%/12,(In2-1)/2,0]. All c(y=1 and these
coefficients are shown only for reference to the underlying
group of diagrams, according to the above conventions.
Using the above CS scheme we come after some algebra
to the RG equation dY,/dA=pB(Y,) with
2
BY)=(1-Y? —g+g2§—g3y :1

+03g’(1-Y)?+0(g"),

m 1-In2
C3=a2+a3—a4=E— B . (44)

Here the value of cj is that of the T=0 case (cf. below). This
value differs from our previously reported result,”’ which
accounted only for the set {8} of third-order diagrams. Here
we found an additional contribution from the {4,4} set.

It is important to keep the scale independent contributions
in the terms {6} and {4,2} in Eq. (43) in order to have the
agreement with the result by Kane and Fisher in the limits of
weak scattering and weak tunneling ¥>— 1.

One can check that the terms with higher powers of A in
Eq. (43) are reproduced by Egs. (38) and (44). In fact, this
applicability of the RG equation is manifested already in the
absence of A in the right-hand side of Eq. (44). This means
that when discussing diagrammatic contributions in nth order
in g, we should concentrate only on the least-leading loga-
rithm, i.e., the terms ~g"A. These linear-in-A contributions
arise in two qualitatively different cases.

In the first case, the entire Feynman diagram is propor-
tional to a single logarithm. This happens with the three first
terms in Eq. (44) stemming from diagrams with the maxi-
mum number of fermionic loops. In the above notation, these
are the sets {4}, {4,2}, and {4,2,2} for corrections in order g,
g% and g3, respectively. We discuss these corrections in the
next section. The finite terms, O(1), do not contribute to the
B-function as can be checked by the absence of coefficient a;
in Eq. (44).

In addition to these sets, there are contributions in the
third order, whose leading divergence is also linear logarith-
mic. They are depicted by a first skeleton graph in Fig. 3,
with the maximally crossed wavy lines of interaction. These
graphs provide for one half of the value of a, in Egs. (43)
and (44).

In the second case, the linear-log contributions arise as
accompanying weaker divergence in the stronger divergent
graphs. In simple cases, it may be a combination A3
+AO(1); in more complicated situations, it may be a stron-
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ger singularity at internal points, e.g., ~[dz,/(z;—2,)""
which is eventually removed upon symmetrization, whereas
the subleading log divergence survives and contributes to Eq.
(43), cf. Ref. 26. This second type of linear-log contributions
happens in the remaining graphs in Fig. 3 and provides for
the rest of the value of the last term c5 in Eq. (44).

D. Finite temperatures

Let us discuss the effects of temperature, first in the low-
est order in g. At T=0 the large logarithm of theory (42)
came from the integration [dx,/x; over the range of interac-
tion [a,L]. When the integration over internal frequencies is
replaced by a summation over Matsubara frequencies, we
find that the integrand contains the fermionic Green’s func-
tion G(2x,1=0) of the form

T

2x) = —, 45
G(2x) 2vg sinh(27Tx/v ) “ 4 45)

with an appropriate change in the definition

L
tanh L/

Ay— 47TJ dxG(2x) =1n tanh L/ =A, (46)

4 tanh a/¢

with the temperature correlation length, é=vy/ 7T. Explicitly
we have

T,
A =In coth(a/é) = 1n £ =In ?0 (47)
a

where the last relation takes place at larger temperatures,
when L> & Here we introduced the ultraviolet energy cutoff
To=vg/ ma; one may think of a~k;l so that Ty~ Ep. The
results presented below refer to this case of relatively high
temperatures, 7o>T>vp/L.

We calculated the terms of perturbation theory by means
of computer algebra, similarly to the 7=0 case above. The
summary of the result is given by the same expression (43),
but the subleading coefficients are now given by a
=(31n2,72/12,In2—-1/2,7%/24). In its turn, it leads to a
different numerical value of coefficient (44), we obtain for
T>v F/ L

T 2ot (48)
C3—24 n 2

Let us comment on this result.

We observe that the diagrams with the maximum number
of fermionic loops lead to expressions linear in A with the
same prefactors as in the 7=0 case. They generate the same
part of the B-function, given by the first line in Eq. (44), and
correspond to one-loop RG approximation. In the next sec-
tion we show that these terms form a series which can be
resummed in all orders of g.

The maximally crossed diagrams of the third order which
had only linear-log divergence at 7=0 lead to the same a,/2
coefficient in Eq. (43) at T>v/L.

Let us now consider the modifications in the second order.
The complete expression for the diagrammatic set {6} is
given by expression (F2), which shows that a, in Eq. (43) is
a smooth finite function of temperature.
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At finite T each particular diagram in order g* can lead to
a rather complex expression, and the resulting sum of all
diagrams becomes too complicated for a brute-force ap-
proach. The analysis can be best done in the following way.
We add all the terms of a given structural set of diagrams,
thus removing the internal singularities at z;=z,, etc. As dis-
cussed above the leading logarithmic behavior of the set
(higher power of A) is determined by the RG equation. We
may hence subtract a simpler expression, with the same lead-
ing behavior, from the complicated general expression.

For instance, for the {8} set we pick all diagrams propor-
tional to cos 86, and notice that the zero-T" expression has a
leading contribution (z,7,z3)"' with a certain coefficient.
Then we expect that the finite-7 expression should have a
leading term 8&3[sinh(2z,/&)sinh(2z,/ £)sinh(2z5/ &) ]! with
the same coefficient. We subtract this term from our expres-
sion and analyze the degree of singularity of the remaining
expression. It turns out that in the third order after the sub-
traction of such leading A* terms, we are left with linear-log
expressions. The coefficients before these expressions are
also smooth functions of 7, as we explain in Appendix F.

Concluding this section, we verified the validity of the RG
equation by checking that the higher-than-linear powers of A
are generated by the linear-log terms. This holds both at T
=0 and at T>uvg/L; the resulting B-function is somewhat
different in these cases and we discuss this difference below.
There is a part of the S-function, which is identical in both
cases, and stems particularly from a sequence of diagrams
with the maximum number of polarization loops. We analyze
this sequence in the next section and show that it is possible
to resum it in all orders of g.

It is important to note that the last term in Eq. (44) is
vanishing in the limit when the barrier becomes fully trans-
parent or fully reflecting, i.e., at Y — = 1. In order to see that,
let us consider the case (Y+1)/2=G— 0, then the first three
terms in Eq. (44) read 8=2G[-g-g*/2-g¢>/2] and lead to
power-law scaling of G in accordance to results by Kane and
Fisher (see below). At the same time the last term in Eq. (44)
is «g3G? and does not lead to a noticeable effect in the limit
considered.

g2
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It is also worth noting here that the calculation both at
T=0 and at T>v /L confirms the relation between the sub-
leading coefficients in sets {8} and {6,2} on one hand and {6}
and {4,2} on the other hand. This is seen in Eq. (43) for the
a, and a; coefficients. Without this relation the results by
Kane and Fisher for weak and strong barrier would not be
recovered.

VI. COUNTERTERMS IN THE HAMILTONIAN

In the previous section we saw that the corrections to the
conductance are obtained as self-energy insertion into the
fermionic loop, whereas the vertex corrections vanish in the
dc limit ) <vy/L. This means, in particular, that the effect
of renormalization in this limit can be found at the level of
the one-particle Green’s function, or by addition of counter-
terms to the effective low-energy Hamiltonian.

We calculate the corrections to the matrix Green’s func-
tion for the chiral fermions in the pseudospin sector in per-
turbation theory. The rules of the diagrammatic technique
remain the same. This time we do not consider a closed
fermionic loop, which described the conductance above. In-

stead we study the matrix Green’s function é(x,—y,Qn) con-
necting distant points on different sides of the barrier in the
chiral representation. The initial Green’s function is diagonal
in pseudospin space, and the corrections to it make it nondi-
agonal. We show that this nondiagonal form corresponds to
additional rotation of pseudospin near the origin, in accor-
dance with consideration of Sec. I'V.

Employing the CS scheme we start with the bare barrier,
characterized by the parameter # and find the renormalized
value 6,(0,A) as described below. Then we determine the
inverse relation 6(6,,A) and require the independence of ini-
tial 6 at the scale of consideration A. This provides us with
the RG equation for 6,

The prefactor in G(x,—y,Q,)=G exp—Q,(x+y) is found
as

2

. A
G=1+ 0{4}%1'0'1 sin 20— ¢ (sin? 2002 — icr, sin 40(A2— b)) — c{4,2}g§ial sin 46(A — bs)

8
3 3

- c{g}j—g 3(A* = b A)sin 20sin 46— i(rl? sin 26(9 cos 40— 1) + i120, A sin 26(b, sin® 26+ b,)

3

3

3

+ c{6’2}f—6A(A — by)sin 46(sin 20— 2ic cos 26) + c{4,4}g§i01 sin® 20A(A — b,) + c{4!2!2}§—2i(71A(5 sin 20+ sin 66),

(49)

where again all ciy=1. The coefficients bj, j=1,...,4 depend on the case in consideration. For the zero temperature we find
b=(0,7%/6,21n2,2-21n2) and for the finite temperature b=(7>/12,0,31n2,2—4In2).

In order to establish the connection to the Hamiltonian we observe that the above form Eq. (49) can be represented as G

=exp io(6,— 0) with
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A 2
0,= 0+ % sin 26+ % sin 40(A% = A — b, + by)

3

4
+ % sin 20{§A3 cos 40+ A%(1 +3 cos46) + A[(3

—4by = 2by+2bs — by) + (1 + 2by + 2b3 + by)cos 40]}

+0(g°A9). (50)

This means that the effect of the interaction is indeed re-
duced to a change in the magnetic field 26, in accordance
with Sec. III D.
We have for the value at A=0
2
0= 0+ %(m —b)sind6+ - .

Expressing 6 by 6, in Eq. (50) and inverting the series we
obtain

A 2
0y = 0, g? sin 20, + % sin 40,(A2 + A)

3

4
- % sin 29,{ JA? cos 46,4 AX(1+3 cos 46,) + AL(3

—2b| —2b2—b4) + (l +2b| +2b2+b4)COS 40,]} + o

(51)

The difference 6,— 6,, expressed in terms of 6,, is interpreted
as the counterterms to the Hamiltonian, needed to compen-
sate the divergent diagrammatic contributions. In our ap-
proach we do not recalculate diagrams with inclusion of the
appropriately chosen counterterms, which would be prob-
lematic, given the non-Abelian character of the theory and
the absence of Wick’s theorem. These counterterms merely
reflect the structure of the corrections to the magnetic field,
Sec. III D above.
Demanding the independence of 6, on A, we obtain [here
6(A)=6,]
2 3
2 in20- & sin40+ 5 sin20(1 + cos? 26)
ZAA 4 4

—c3g° sin® 20+ 0(gY), (52)

where

1
Cc3= Z(2b1 + 2b2+ b4),

= In2 1
=—+———=0.67, T=0,
2 2 2
w 1
=—+In2--=0.60, T>uv,/L,
24 2

which agrees with above Egs. (44) and (48). This coinci-
dence confirms that the vertex corrections to the conductance
are unimportant in the considered dc limit.
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FIG. 4. Ladder series, L(x;,x,;w,), describing the combined
effect of interaction and barrier, and leading to a linear-in-logarithm
In(Ty/T) contribution to conductance.

Any method of rendering the logarithmically divergent
integrals finite is called a scheme of regularization. As we
explained above the contributions linear in A get additional
contributions in third order of g from the scale-independent
terms appearing in the second order of g. We removed this
ambiguity by using the scaling method or the appropriately
devised CS scheme. A part of the answer is independent of
the regularization scheme and technically is obtained by
summing the one-loop contributions to S-function. One loop
means here one independent integration over the internal en-
ergy, leading to a linear logarithm. Indeed the summation of
the ladder series in Sec. VII amounts to a finite renormaliza-
tion of the effective interaction constant, g— g. In addition to
that, the quantities calculated above in the order g3 included
linear-log contributions stemming from diagrams with three
independent energy integrations (Matsubara frequency sum-
mations). Particularly, the set of diagrams {4,4} contains dia-
grams with vertex corrections to the polarization loops in the
ladder series Fig. 4, which contribute to the regularization-
dependent coefficient b, in Eq. (49) and c; in Eq. (52).

VII. INFINITE RESUMMATION OF TERMS
IN THE B-FUNCTION

We observe that the first three terms in Egs. (44) and (52)
are given by diagrams with maximum number of fermionic
loops. These terms are (1 —Y?) and therefore are important
at any value of the conductance. It is possible to resum all
the contributions of this type, as we discuss below.

A. Ladder series and Wiener-Hopf equation

The above discussed linear-log contributions to the con-
ductance with the maximum number of fermionic loops can
be viewed as a “dressing” of the wavy interaction line g in
Figs. 2(a) and 2(b) by fermionic polarization loops. This is
shown schematically in Fig. 4, with the result of the summa-
tion denoted by g and depicted by a double wavy line.

We show below that the result of this summation is scale
independent (without logarithmic terms) so that using the
double wavy line in first-order contributions Figs. 2(a) and
2(b) will produce a single logarithmic factor, while contain-
ing all powers of g.

In the usual situation, the RPA summation of Fig. 4 is
trivial after Fourier transform. In our case of chiral fermion
representation, we have left-right asymmetry of the vertices
whose value in pseudospin space depends on the coordinate.
Hence we always integrate over the semiaxis only, which
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leads, as shown below, to an integral equation of the Wiener-
Hopf type, instead of a simple Fourier convolution. Still, the
ladder equation for the dressed interaction can be written and
solved rather simply.

Let us denote the interaction between the points —x and y

by L(x,y;w,), where w, is the Matsubara frequency along
the line. Let us define the vector X(x,y; w,) in the following

1
X(x,y;wn)=—477g5(x—y)<0>—gwnfdz<

where we wused the fact that the polarization loop
in the (w,,x) representation is <J3(x,T)J3(y,O))wn
=(47) ' w,0(w,x)e . Here and below the integration over
coordinates is over the interval (a,L), it is convergent and
may be extended to (0, ©).

Later we will need the integrated quantity L(x;w,)

=[dye“"L(x,y;®,), which obeys the integral equation
. — WX g —wI .
L(x;w)=—ge 4+ w Y+5 dze™”L(z; w)

1
+ Egzcu f dze™"L(z ). (55)

B. Solution and its properties

The above equation for L(x; w) is an integral equation of
Wiener-Hopf type, and its solution can be found as follows.
We differentiate both sides of Eq. (55) twice with respect to
x and find that d’L(x; w)/dx*=w*(1 -g*)L(x; ®). Demanding
that L(x—;w)=0 we seek a solution in the form L(x;w)
=C exp(—wxv’l——gz). Substituting the latter form into Eq.
(55), we determine the constant C and find

2 PR
1 1 - [
TV 8 e (50

L(x;w) 47'rg1 o mpcpe
Now we are in a position to determine the linear-log correc-
tion to the conductance stemming from the diagrams Fig. 2,
where the wavy line of interaction is replaced by the double
wavy line.

The equation reads

1-7? _
G(L)=TT22 fdxldxzdyL(xl,x2;w)g(xl - x;6)G(—x,

—Xy;€—0)G(x, —y;€)G(y +x;€+ ), (57)

where the superscript L in G denotes ladder summation.
Taking here the limit ) —0 we find
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way:

L(x,y;,) ) 53)

X(x,y;w,) = (_
L(x,—y;w,)

Then the ladder summation, Fig. 4, is expressed for
, >0 by the integral equation

Ye@nl+?) O(x — gt )X( Tw,) (54)
O(z — x)e~@n=) 0 Sl
[
—2g(1-Y?
G = 8 ) Ag=-g(1-Y)A,  (58)

1+V”1—g2+gY

Here we defined the renormalized interaction constant g. We
observe that

=K"'-1, Y=-1, (59)

with the Luttinger parameter K=v(1-g)/(1+g).

In fact, Expression (57) already assumes the limit 1 —0
because the prefactor 1—Y? is obtained by adding two con-
tributions, one shown in Fig. 2(b) [«€2(1-2Y?)] and another
in Fig. 2(a) with inverted direction of fermionic lines (oc(}).

The importance of the limit {) — 0 in the derivation of Eq.
(58) is further illustrated by the solution L(x,y;®,) of initial

Eq. (54) rather than Eq. (55). After a long and straightfor-
ward calculation, similar to the one described above, we find

2
“n8 e wndlx_y‘

1 -

_L sV n :_5 - -
imeLlnian) == o= y) - 28
0,8 . Y(1+d)+g

+ b
2d Y(1-d)+g

(60)
with d= \e"l——gz. The first term in Eq. (60) is the bare inter-
action and the second one is the result of RPA summation,
which is independent of the barrier transparency Y and finite
even in the bulk, at x=y— . The last term explicitly con-
tains the transparency Y and decays away from the barrier.
Integrating over y we get the above Eq. (56), and Eq. (60)
shows that the dressing of the interaction constant, g— g, in
Eq. (58) is not reduced to a simple multiplicative factor, but
depends on the coordinates. Finally we note that GV'=0 at
A =0, i.e., there are no scale-independent contributions in the
ladder approximation, and Y=Y in that case.

VIII. RG EQUATION AND ITS SOLUTION

From the solution of the Wiener-Hopf equation for ladder
series (58) we then find the B-function in ladder approxima-
tion
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2g(1-Y?)
Y)=- —F—. 61
A= ey oy

Inverting this equation and using the definition of K we ob-
tain the symmetric form

1 arn 1] 1 1 1 1
=—=—= - - (62)
B,(Y) dy 2|1-Kl1-Y 1-K'l+Y

invariant under the simultaneous exchange of K+« K~! and
Y~ -Y. This differential equation may be solved
analytically.”” We recall that it is asymptotically exact in the
limit |Y]— 1.

Let us now turn to the first correction beyond this series in
Eq. (44). Applying the correction as calculated we get the
improved RG equation

v _ 2(1-1)

N Troggr TS

The correction term is qualitatively different in that it van-
ishes quadratically in the limit |Y| — 1 and hence is irrelevant
in this limit (considered in the early work by Kane and
Fisher). The duality property still holds, i.e., the invariance
of Eq. (63) under the simultaneous change g——g and ¥ —
—Y [or 6— 7/2—0in Eq. (52)]. Based on these observations,
we expect that the fourth-order terms beyond the ladder se-
ries in the RG equation will be proportional to g*Y(1—-Y?)2.
One should keep in mind that the correction terms here have
been included only to order g>. We now discuss a further
improvement.

We may perform yet one more partial resummation by
dressing interaction lines as g— g, where

_ 14K -l
g=2{ ) - (64)

The c¢; term in Eq. (63) results from nonladder diagrams.
Therefore without double counting we can dress the interac-
tion constant there and write ¢;g°(1—Y?)2. Then Eq. (62)
receives a correction term of the form

dA 1) 11 1 1
dy  2|1-K1-Y 1-K'1+Y

2(1-K)
— —+
SIrK+Y(1-K)

(65)

The term proportional to c3 here is of order of g at small g
and we omitted higher-order terms.
Integrating Eq. (65) we obtain the following result:

(T/Tp)*" ™9 = D(G)/D(Gy).

K

P(G) = (iG[K+ G(1

_ K)]4C3(1_K). (66)

We assume the initial condition G=Gj= (1+Y0)/ 2=cos*(6)
+0385 cos(20)sin?(20) at T=T,, and g;'=3[1 X +cos(26)];
here c; is given by Eq. (48) for the case T>v/L. Evidently,

the renormalization stops at T<uvg/L.
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IX. SUMMARY AND DISCUSSION

In this work we have presented a fermionic formulation of
the transport theory of interacting electrons in a one-
dimensional system with potential barrier in the linear re-
sponse regime. We considered the Luttinger liquid model
with interaction g, (forward scattering involving right and
left movers), and employed a current algebra representation,
leading to a substantial simplification of perturbation theoret-
ical calculations. Using the renormalization group idea in
various forms we showed that the conductance as a function
of temperature (or, at zero temperature, as a function of sys-
tem length) obeys scaling, and therefore may be obtained by
integrating a renormalization group equation. The SB-function
of the latter equation has been found within a ladder approxi-
mation, which becomes exact in the limit of small or large
conductance, at any interaction strength. Corrections to the
ladder approximation up to and including third order in the
interaction, and relevant at intermediate values of the con-
ductance, have been calculated. These correction terms re-
quire the solution of a fundamental problem of renormaliza-
tion group theory: What is the significance of and how does
one treat scale-independent contributions appearing in per-
turbation theory? We show that these terms have to be taken
into account, as they guarantee the scaling of the conduc-
tance and can lead to an important redefinition of the
B-function. In that respect our work is of general interest in
the context of the renormalization group method, beyond the
particular transport problem considered here.

Equation (66) is one of the central results of our paper. It
is in agreement with the previous findings*>!3 in the limiting
cases G—1, G—0 (ie., |Y|—1), K—1, except for the fact
that in these previous works the conductance tends to K,
rather than 1, in the limit of vanishing barrier strength at
finite temperature. In this limit (|¥|— 1) our result is exact
for any value of K. In the intermediate regime G*—v% there
appear corrections to our result. We have calculated these
corrections in the lowest order, which is third order in the
interaction strength. The parameter c; determines the
strength of these corrections. We have shown that c; is non-
universal in the sense that it depends on the physical nature
of the ultraviolet cutoff, e.g., the temperature cutoff or the
length cutoff. We are convinced that the scaling functions of
the temperature-dependent conductance, G(7), in the limit of
infinite sample length L and the length-dependent conduc-
tance, G(L), at T=0 are slightly different.

Let us discuss the role of the factor ¢; in Eq. (66) which is
new as compared to previous studies.*>!3 It is clear that c5 in
Eq. (52) defines the renormalization of the conductance in
the intermediate region, G~ 1/2, and thus determines the
coefficient relating high-temperature and low-temperature
asymptotes. We may ask the following question: what is the

coefficient C in the asymptotic expression G=C PE =D (7
=T/T,) if we fix the overall temperature scale at height T as
G=1-7% 19 From Eq. (66) we have

C= K463(1_1/K). (67)

At this point it is appropriate to compare our findings to
the exact results obtained within the conformal field theory
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(CFT) approach to the bosonized version of the problem,
Sec. II A. In these earlier works the S-function of the RG
equation was not discussed. However results equivalent to
those by Fendley et al.'l"'? are presented in a recent study by
Lukyanov and Werner,”® where particularly the B-function
was obtained in a form equivalent to Eq. (66). According to
Lukyanov (private communication), the coefficient c;=1/4,
which deviates from our value ¢;=0.6 and we use both val-
ues for comparison below. Unfortunately, one rarely, if ever,
discusses the scheme of regularization used in obtaining the
CFT exact solutions. We have to conclude that the regular-
ization used by?? is different from ours. The choice of cutoff
scheme in our work is not based on mathematical conve-
nience, but rather it is following naturally from perturbation
theory. Therefore, as a theoretical result to be applied to ex-
plain experimental data, Eq. (66) has advantages over the
CFT results.

We saw above that passing from the backscattering am-
plitude in the Hamiltonian to the conductance (i.e., S-matrix)
may require ultraviolet regularization, i.e., certain prescrip-
tions of dealing with short-distance singular quantities. Our
observation is supported by the study of the free (K=1) BSG
theory,'” where the authors arrive at a current algebra formu-
lation similar to our treatment above. They notice that the
description of the strong coupling limit |u,|— % corresponds
to taking the quantity |6] — , [see Eq. (2.23) there], which is
related to our [B|=26 and hence to the conductance. They
also notice that the connection between || and |u,|=6f(¢?)
=60+ 6°0(1) begins to depend on the type of regularization
chosen in the third order of . On the other hand, given that
the CFT exact solution in the interacting case K# 1 is ex-
pressed in terms of the scaling variable |u,|(T,/T)'~X, we see
that the implied equation |u,|(Ty/T)'"¥=6f(6?) corresponds
in form exactly to Eq. (66). It would be thus desirable to
understand the particular regularization used in the CFT so-
lution in more detail.

Let us now illustrate the details of the behavior of G(T) in
the example of the well-known case K=1/2. Both high-
temperature and low-temperature asymptotes of G are inter-
esting from the theoretical viewpoint, but one can expect the
experimental variation in the conductance to be most visible
at lower T, when G=1/2. It is therefore useful to consider
the variation in the conductance for fixed K and different
values of c;. We take K=1/2 and fix the low-T behavior in
the form G =7, with 7=T/T, and T, ~ T,|r|*>. We then plot
G(7), obtained from Eq. (66) for several values of c¢5 in Fig.
5, together with the exact solution, known from*>-10

Gromlo— ¢<l+ ! ) (63)
T3 \2 7 2\37)°

where ¢ (x) is the derivative of digamma function. For K
=1/2 and the implied CFT value c¢3=1/4, we can invert (66)
and write

o 27
14224V +87

(69)

Figure 5 shows that the CFT solution lies between the
curve corresponding to pure ladder summation, c¢3=0, and
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FIG. 5. (Color online) (a) Conductance as a function of tempera-
ture for K=1/2. The results of ladder summation, Eq. (66) with
¢3=0, are shown by dashed-dotted line; the result of Eq. (66), with
c3 given by Eq. (52) is shown by solid line. The result available
from CFT (multiplied by factor 2) is shown by pluses.*>!? together
with our fit by Eq. (66) with c3=1/4 shown as dashed line. (b) The
same plot in log-linear scale.

the one with the above c¢3=0.60. The proposed value c;
=1/4 fits the CFT solution rather precisely. This tells us that
the approximation leading to Eq. (66) works rather well at
the interaction strength K=1/2 (g=3/5), provided the coef-
ficient ¢y appropriate for the regularization scheme used in
the CFT solution is taken. In fact, we show in Appendix H
that the overall agreement criterion using the coefficient C,
Eq. (67), is about 1% in this case. For a further case reported
(K=1/3, g=4/5) (Refs. 11 and 12) the agreement is worse,
about 10%, which might be expected in this more strongly
interacting situation.

Finally, we emphasize again that in any comparison with
experiment the correct regularization scheme is determined
by the details of the corresponding experimental setup. Indi-
cations of the possible inadequacy of the regularization
scheme used in the CFT solutions exist. For instance, we
tend to interpret the systematic deviation of the experimental
data on the conductance between the quantum Hall edge
states from the CFT prediction at low T in Ref. 12 not as a
shortcoming of the experiment, but rather as a consequence
of choosing an inappropriate regularization. The correct
regularization might lead to a different value of c; in Eq.
(66), providing better agreement with experiment.
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APPENDIX A: FROM THE HAMILTONIAN
TO THE S-MATRIX

Continuum Hamiltonian (3) corresponds to a lattice
model

o 2
Hiu= 3 (e +he) + 33 i + (- D,
i=—2 j=1
at half-filling (2kz=1r) and with potential present at two ad-
jacent sites.

In Eq. (3) we let u; 5(x)=u; 20,1 2)(x). Here u, , are di-
mensionless quantities and a,;, is the range of the corre-
sponding regularization of the &-function; at the end the limit
a; ,— 0 will be taken.

Combining the two chiral fermions into a spinor quantity
W=(k, ) we can write the equation of motion as

14, (x) )W

—id,+u;(x)

id,. +
i&t\l}:l)p<l X ul(x)
U, (x)

=vpliosd, + uy(x) + ug(x) oy + us(x) o, JW, (A1)

with real and imaginary parts u,=uj;+iu;. The formal solu-
tion of Eq. (Al) is
W(x,1) = ""T(x,a)¥(a,0), (A2)

X
T(x,a) =T, expi f dyos[vF o +uy(y) + ujy(y) oy + us(y) o],

(A3)

where 7, stands for the x-ordering operator. In the long
wavelength limit, o — 0, we obtain

T(x,a) = exp[iwv}l o3(x—-a)], x<0,

=expliovy o3x] Ty expl— iwvy'oial, x>0, (A4)

with 7, depending on u; ,(x). We assume first that the regu-
larized &-functions in the definitions of u; ,(x) are identical,
which means a;=a,. In this case

) , " sinh b
To=expliu;03 — uy0, + uyo) =cosh b + bo b

(AS)

with b=(uy,—u5,iu;) and b2=|u2|2—u%. This transfer matrix
simplifies in two important cases: (i) pointlike impurity,
when u,=|u,| and (ii) purely backward scattering impurity,
u;=0, u, #0. We have

. LK
L+iluy|  iu,
0= . sy = uy
1= dluy)|

s

- iu2
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cosh|u,|

( ie”'® sinh|u,| )
07\ = ie'® sinh|u,)| o

=0, (A6
cosh|u,| (A6)

with e/=u,/|u,).

Let us also consider two further limiting cases, when the
range of the forward scattering potential «;(x) is much longer
(shorter) than the range of the backward scattering potential
uy(x), i.e., a;>a, (a;<a,). In these two cases we get

e cosh|u,|  ie™® sinh|u,)|
o= ... B (A7)

—ie'? sinh|u,| €™ cosh|u,|

for a;>a, and
cosh|u,| +itanu,  ie”'® sinh|u,)|
To=cosu| . .
ie'? sinh|u,|  cosh|u,|—i tan u,

(A8)

for a; <a,. By construction, the determinant of the transfer
matrix is unity for arbitrary u; ,(x).
The elements of the scattering matrix for the incident

waves ~e® and ~e ™ at x<0 and x>0, respectively, are

defined by the equation

(o 7)=5(, 3)

Hence the scattering matrix is determined by the elements of
the transfer-matrix 7 as

= s )
\r 7)) B\-T 1)

In the above two cases with a;=a, we have

.k
1 1 i,

S= . , U= |M2
1 —l|u2| iuy, 1

( 1/cosh|u,)|
~ \ie' tanh|u,|

(A9)

s

ie”'® tanh|u,|
, u;=0. (Al0)
1/cosh|u,|
Whereas for model potentials of different range we obtain
4 ( 1/cosh|u,|
S=e" '
ie' tanh|u,|

ie”'® tanh|u,|

) (A11)

1/cosh|u,|

for a;>a, and

1/cosu;  ie”'® sinh|u,| )

1
~ cosh|uy| — i tan i, (ie”b sinhlu,|  1/cos u,

(A12)

for a; <a,. We see that if the forward scattering u; has wider
range, than u,, then Eq. (A11) differs from the second Egq.
(A10) only by the overall phase which is unimportant in
physical observables. At the same time, if the model regular-
ization of u; is narrower than u,, resulting Eq. (A12) closely
resembles the S-matrix in the double-barrier situation.'

Expanding the reflection coefficient in powers of u; , and
using Egs. (A5), (All), and (A12) we have
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3, a, > a,,

1
= b~
1 2 2
|r| = Juy| - g|”2|(”1 +2luy?), a;=a,,

1
|r| = |u2|—g|u2|(3u%+2|u2|2), ag <a2, (A13)

which shows that the forward scattering amplitude u; enters
the reflection coefficient in the third order, i.e., beyond the
Born approximation. Moreover the contribution of u; to the
S-matrix depends also on the details of the microscopic
Hamiltonian and the regularization of the model S-function
potentials. This complication happens at step (A2); however,
once the transfer matrix 7, in Eq. (A4) is known, the con-
nection to the scattering state basis is straightforward.

Returning to Egs. (2) and (4), we notice that i;(x) obeys
the equation of motion for right movers, and the spinor \I’}E
=[¢7(x),ri(—x)] is eigenstate (A2) of Eq. (Al) with the
above property, Eq. (A9). We thus clarified the scattering
states representation in the framework of chiral Hamiltonian
(1).

In the bosonization formulation, Eq. (5), the assumption is
made that the forward scattering u;(x) can be completely
removed from the Hamiltonian. This statement is not obvi-
ous, in general. Consider the redefinition ¢(x)=@(x)
—u; sgn,;(x)/2, which eliminates the term with u; from Egq.
(5), where the regularized sign function sgn, (x)=-1
+2[*..dy8,;(y) is used. We have the backward scattering in
the form

u(x)cos[2¢(x) ] = up(x)cos[28(x) — uy sgny(x)],
— 1y 0(x)cos[25(x)],

— 1y 8(x)cos[2(x) Jcos u;, (A14)

for the above cases of regularization with a;>a, and a,
<a,, respectively.

APPENDIX B: UNITARY TRANSFORMATION
We consider a transformation of the operators J;

0,(x)=U"J;(x)U,

with
U=exp ij dxdy 0(x = y)B;(y)J(x), (B1)
=exp i f dyB;(y)0,(y), (B2)
D,(y) = f dxJj(x). (B3)
v

In our case we have B;(x)=B;0(x) and we may denote the
direction of B as “1,” i.e., Bllé;. Then we have the following
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set of equalities from Kac-Moody relations (20):

100, (x)] = =5,

{Jl(y),if del(x)Gl(X)} == ﬁrBl(y),

LU= U[my) - ﬁrwy)] (B4)

Also For J*(x)=J5(x)+iJ,(x) one has
(0,1 ()] =T (x) 8(x — y),

[J5(x),0,(0)] =T (x)0(x - y),

—o0

[F(x),ij dyBl(y)Gl(y)] =iJ+(x)f dyB,(y) (B5)
so that the relations between the operators are

0= U U=1(0- B, (B6)

05(x) +i0,(x) = U'T*(x)U,

X

=[J3(x) + i, (x) Jexp if dyB(y). (B7)

The transformation U shifts the value of O;(x) by a ¢ number
so that strictly speaking, the operators O;(x) do not obey the
same Kac-Moody algebra in the region where B;(x) # 0. It is
clear though that this might affect only the physically non-
observable component of the fermionic density and is there-
fore not important.

APPENDIX C: EQUATIONS OF MOTION IN CURRENT
OPERATOR FORMALISM

In this section we focus on the time evolution of the ob-
servables J5(—x), 73(x), Egs. (22) and (23), using the relation
id,A=[A,H]. It is more convenient to use representation (27),
with O(x)=J;(x)O(—-x)+J5(x)O(x). In terms of operators
O/(x) one has

ps(x) =[03(x) = O5(= )],

Js(x) =v{ 05(x) + O5(= x)]. (C1)

Using Eq. (20) and formulas of Appendix B, it can be easily
shown that we have —d,05(x)=d,05(x) in the leads, |x|>L,
whereas in the interacting region a <|x| <L we obtain

- 9,05(x) = ,05(x) = g9,05(- x), (C2)

where we let vy=1. Since O5(x) is the observable density,
relation (C2) looks deceptively close to the desired answer.
However, in the region of the barrier |x| <a (with BlO,) we
have
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= 9,05(x) = 9,05(x) + B(x) O5(x),

and the O, component comes into play. [In other words, for
the partially reflecting barrier, the observable of our problem,

J5(x), includes the eigenmode operator J,(x).] Therefore it is
necessary to consider also the time evolution of operator O,,
which reads

— 9,0,(x) = 9,0,(x) — 470 (x)O5(- x), (C3)

at a<|x| <L and —d,0,(x)=0,0,(x)+B(x)05(x), at |x|<a.
The four-fermion object O;(x)O;(—x) is not reduced to
0,(—x) and therefore we do not obtain a closure of the equa-
tions of motion.

Our situation is somewhat similar to the well-known
Heisenberg model of spins with pairwise exchange interac-
tion. Due to the noncommutative character of spin operators,
the attempt to write the exact time evolution of spin leads to
an infinite series of coupled equations, including ever in-
creasing numbers of spins. The approximate solutions are
obtained by truncating this series at some step, according to
a certain criterion, and discarding higher terms as
inessential.>> In magnetism, these criteria might be (i) low
temperatures in the magnetically ordered phase, T<<T,, (ii)
large value of spin S, or (iii) wide range of interaction. In our
case, we choose the criterion of relevancy of operators, i.e.,
their importance in the logarithmically divergent theory.

We now briefly discuss the dynamics of O4(x)
=470 ,(x)O5(-x). The compound operator O,(x) consists of
four fermion operators and may be decomposed into the nor-
mally ordered part and a part, representing internal contrac-
tions. To clarify the notation we write #;(x)=a;(x), ¥»(-x)
=a,(x), then we have

04(x) = lal(v)a,(x) +a](x)a; ()]
X[a](= x)a; (= 2) - a](= x)a (- )].

Contracting here, we get O4(x)—:0,4(x):=-x"10,(X) with
[cf. Eq. (29)]

(C4)

0,(%) = i[a}'(x)al(— X)+ a}"(— x)a|(x)]+h.c., (CS)

which does not coincide with Oz(x)=(2i)‘1a$(x)a |(0)+h.c.
We may write
05(x) = Ox(=x) = x3,05(=x) + - (Co6)

and, dropping the less relevant higher derivatives, obtain
from Eq. (C3)

= 3,0,(x) = 9,0,5(x) + g(x”" = 3,)05(— x) — g:04(x),

which means that the most relevant part of the operator O4(x)

has the form
O4(x) = (= 1/x+ 3,) O5(—x). (C7)

Regarding the normally ordered part :O4(x):, its time evo-
lution is given by

= 03:04(x) = 41:05(= x)3,0,(x) — 0(x)3,05( x):
+4mg:05(x):,
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Os(x) = 47701(X)0%(— x) + 0(x)d,05(x),

i.e., described by new operators, not reduced to simple spa-
tial derivatives of :0,(x):. Such derivative objects (i) obey an
infinite set of coupled equations and (ii) possess formal scal-
ing dimension greater than two, and hence are irrelevant in
the RG sense.

Our strategy of such truncation (C7) is successful only in
part, as we explain in the next appendix, Appendix D.

APPENDIX D: SOLUTION OF THE EQUATION
OF MOTION

Taking a Fourier transform in time ¢, and introducing the
vector

\I,(x7 (L)) = [03(-x’ (1)),03(— X, H)),Oz(x, (D),Oz(— X, (1))],

the above truncated set of equations can be written as

OV (x,w) = ﬁo(w,x)|g=0W(x, o), |x|>L

D0 ¥(x,0) = Dy(w,x)¥(x,w), a<l|x <L, (DI1)
with
io 0 0 0
b (0.0) 0 —-iw 0 0 (D2)
V=0 o io —-gflx)
0 0 -gflx) -iw
I -¢g 0 0
R -g 1 0 O
D, s (D3)
o 0 1 -g
0 0 -g 1
and the fermionic correlation function at finite
27T
=—. D4
SO = Goh 2T (D4)
The solution to Eq. (D1) is given by the x-ordered
U (x,0) = Ulx,y) ¥ (y,0), (D5)
A x A A
Ulx,y) =T, exp J dzDI'DO(w,z), (D6)

y

similarly to Eq. (A2), but now with transfer matrix Ulx, y)
for densities. The transfer matrix in the region of the barrier
|x| <a is already known and given by

cos 26 0 sin 260 0
« 0 cos 20 0 —sin26
Ula,—a) = )

—sin 26 0 cos 26 0

0 sin 26 0 cos 26
(D7)

The overall transfer matrix over the interaction region is
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U(L~L)=U(L,a)U(a,~a)U(-a,~L).  (D8)
Finally we observe that the definition of W(x) implies that
the transfer matrix connecting opposite points should satisfy

the boundary condition

Ulx,— x)V(= x,0) = IV(- x,0), (DY)
0100
.1 000

I= , (D10)
0001
0010

and we should choose a solution, by demanding that the
scattered component, O,, is absent in the incoming wave,
i.e., \1’3(—00,&)):0.
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We consider here only the technically feasible limit, @
=0. In this case U(x,L)=U(~L,—x)=1 in the leads, x>L. In
the interacting region

1 0 0 0
) 01 0 0
U(L,a) = 0 0 eMcoshgA —e¢Asinh gA
0 0 —e%Aginh gA ¢~¢°A cosh gA
(D11)
tanh 7TL
—(1-g)" f def(x) = (1- ¢! 1“( tanh wTa)
(D12)

A similar contribution on the negative semiaxis, ﬁ(—a,—L),
is obtained from Eq. (D11) by the change A ——A. Overall
we have

cos 20 0 — 8N sin 26 cosh gA - ¢#"A sin 20 sinh gA
0 ) 0 cos 26 ¢¢A sin 26 sinh gA 8" sin 26 cosh gA
0V —00) =
%A sin 26 cosh g\ %A sin 26 sinh g\ cos 26 0
— %"\ 5in 2@ sinh g - ¢¢"N sin 20 cosh gA 0 cos 26
|
Solving Eq. (D9) together with the above condition in the definition of A, Eq. (D12), and also in the exponents,
2
W3(=0)=0, we find efM, in Egs. (D11)—(D13). Further, trying a different ap-
W (= 0) = (cos 6+ ¢4 sin? 6,cos? 6— % sin? 6,0, proximation instead of Eq. (C7), e.g., O4x)=(-1/x
oA +3,)O,(x), would not produce the above renormalized value
— s 5in 29), (D13)  of conductance.

which is the desired solution. Let us briefly discuss it.

We observe that the dc current j(x)=05(x)+O5(—x) is in-
dependent of x, as it should be. This property follows from
the form of matrix (D11) and condition (D9). The relation of
the current to the voltage bias defines the conductance of the
system. In our definitions, the voltage bias is proportional to
the difference in number of incoming left- and right-going
electrons, which is 205(—%)=2W¥(-x), so that the conduc-
tance is

) __( 05() )
C=20,c0 2\oyem )

cos® 6 (D14)
Agin? g’

cos? O+ e

which coincides with the above result, Eq. (11).

At first glance, result (D13) should thus be viewed as
satisfactory. However there are details, involved in its deri-
vation, which spoil the significance of this approach. First we
notice that by keeping less relevant gradient term in the
above relation, Eq. (C7), we get the appearance of g* terms

Therefore we conclude that using the equations of motion
method and persisting with the current operator algebra leads
to ambiguities, connected with the nonlocal character of the
interaction.

APPENDIX E: CALCULATION OF CORRECTIONS:
ZERO TEMPERATURE

Proceeding as described in Sec. V A, we find corrections
to the conductance, or to Y in Eq. (31). In the first order of g
the correction from the diagrams of the type {4} has the form

L
d
SV = — (1 - mf Sog-vN @D

In the second order of g we have two sets of diagrams for
corrections to the conductance. The diagrams containing two
fermionic loops lead to the following expression:

L
dx,d
5Y{4,2}=g2Y(1 _ Y2)f x'—xzz’
a Z(xl +x2)
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=%g2Y(1—Y2)(A0—21n2), (E2)

where x; , are two points of fermionic interaction.
All diagrams consisting of only one loop, {6} in above
notation, produce the correction

L
dx,d
SY10h = — o2y(1 - YZ)J % = gY(1 - Y)AL.
a 142

(E3)

We should mention that individual diagrams in the set {6}
(and higher orders) may contain singularities of the form
(x;—x,)"", etc. However these singularities cancel each other
in the resulting expressions. For example, one finds two par-
ticular contributions x7'(x;—x,)"" and x3'(x,—x;)™' whose
sum leads to the above “regular” form, (x,x,)~', in Eq. (E3).

In the third order, we have to analyze the following types
of the diagrams: {4,2,2}, {4,4}, {6,2}, {8}. We assume the
ordered sequence, L>x;>x,>x3>>a, in all integrals below.
Performing rather long computer calculations (the stable rou-
tine in Mathematica requires about ten hours of computation
time for dual-core 3 GHz processor), we obtain

SYH22 = _ (1 - 1?2 J I1 ax;

» 3y? 1
+
(x +x2+x3)3 (x "‘)Cz—)%)3

=—g3(l—Y2)(l+Y2)%, (E4)

SYHH =— g3(1-y?)? f 11 dx;

+ (symm.)}

1
X
|:xl(x2+x3)(xl +2X) + X3)

=—g3(1 - Y2)23—1[A§ +2A0(1 =1n2)], (ES)

SY1H =2g3(1 - Y?)y? f [Tax,

Lt
) + (symm.)

=2’ (1-Y)Y*Ag(Ag-21n2), (E6)

1-3Y?

X1X2X3

5Y{8}:2g3(1—Y2)Jdei{

. 1-72 }
(X1 +x2) (o2 + x3) (x5 + x)

1-3Y?

=g3(1 - Yz)[ AJ+(1- Y2)1—ﬂjA0] . (E7)

In final expressions (E4), (E5), and (E7) we omitted finite
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parts, O(A%), which are unimportant in the order g°. These
expressions lead to Eq. (43) above.

APPENDIX F: CALCULATION OF CORRECTIONS:
FINITE TEMPERATURE

In case of finite temperature we proceed in the same way
as for 7=0, only with the integration replaced by a summa-
tion over Matsubara frequencies. Introducing the scaling
variable A according to Eq. (47) we have for a<é=vp/@T
<L

SYW=—_g(1-Y)A,

2dx,dx,

sYUd = 2y -y | —=2%
g¥1-1r) we sinh? 2(F, + )

=%g2Y(1—Y2)(A—3ln 2), (F1)

where x,, are two points of fermionic interaction, and X;
=x;/&. In the last equality in the right-hand side of Eq. (F1),
we shall neglect the terms ~O(1).

Instead of Ag in the expression (E3) for &Y we now
have the following integral:

dx\dxy——————— E—
alk sinh(2Xx,)sinh(2X,)cosh(X; + X,)

_ fTL dT]de(l l T T )
- 7 T T 21+7'1'Tz

=A?- Fl7, 7'0]

f”g _ 3 cosh(X; + X,) + cosh(¥; — %)

—AZ- ﬁ, T> vy/L, (F2)
24
with 7,=tanh X;. The integration limits in Eq. (F2) are 7,
=tanh(a/&) and 7 =tanh(L/§). Here Fl7;,7]=Ly(—7y7)
—[Lz(—fri)+L2(—7§)]/2 and L,(x)=37x"/n? is the diloga-
rithm function. We have F[7;,7,]=0 in the limit T<<v/L.

In contrast to the 7=0 case, the expressions now become
extremely cumbersome in the third order of g. The summa-
tion over Matsubara frequencies leads to expressions involv-
ing sums and products of exponents exp(x;). A general crite-
rion for the correctness of intermediate expressions is the
property a change in sign of each individual diagram upon
performing the reflection transformation z;— —z;.

An additional check of the validity of calculation is the
observation that we should get zero correction to G=1 in the
absence of the barrier, #=0, and to G=0 for the fully reflect-
ing barrier, §=/2, for arbitrary 7. This is not a trivial state-
ment because each diagram in third order contains a prefac-
tor, either cos 86, or cos 46 or cos 00=1. We verified that the
algebraic expressions canceled each other in this case.

The actual expressions are not shown here, and we de-
scribe our method of analysis below.

Let us consider an expression of the form of a triple inte-
gral, relevant to our discussion in Sec. V,

045109-20



CONDUCTANCE THROUGH A POTENTIAL BARRIER...

L L L _
f(a):f dzlf def ngf[Zl,Zz,Zﬂ. (FS)

We assume that f(a)=-cIna+--- at a—0 and wish to de-
termine the coefficient ¢ in this asymptotic behavior. We
have

dfla L L B
c=-1lim dfta) =1lim f dzzf dzzafla,zy,z3). (F4)
a—0 dlna a—0J, 2

Here taking the limit in the integrand may lead to incorrect
results. We have two possibilities for the behavior of the

quantity frla,z]=/ Zdez3af[a,z2,z3], for small a, namely,
fola—0,z,]~al(zy+a)? and fr[a—0,z,]~ 1. The first type
of contribution, f,~ a/(z,+a)?, is always important and sur-
vives in the limit of T— 0. Recalling that f{a,z,,z;] is expo-
nentially suppressed at z;= &, we see that the case fy[a,z,]
~ 1 contributes to ¢ only at finite temperatures, L> §; typi-
cally, we find fola—0,z,]~[& cosh(2z,/ &)1

Therefore the recipe for the determination of c is first to
determine the limiting form of f,, taking z,~a<§¢; in this
case the expressions are drastically simplified. This will de-
termine ¢ at 7— 0. To this term we should add the contribu-

tion lim, gafla,z,,z3], integrated over z, in the interval (0,
); the sum of these two contributions gives the value of ¢ at
finite temperatures, L> ¢.

APPENDIX G: “NONUNIVERSALITY OF HIGHER
TERMS” IN B-FUNCTION

In a very general sense the S-function of the RG equation
is nonuniversal: it depends on the precise definition of the
scaling quantity g. Let the RG equation read

dg/dA = B(g,) =byg; +bsg) + bygi+-++  (G1)

and consider a change of variable g,=g+c,g>+c;g°. With
the same accuracy we have

dgldA = B(g) = B(g)/(dg/dg) = b,g" + b3Z°

+[by+bscy +by(c5—c3)]gt+ -+, (G2)
which shows that only the two first two coefficients b, and b5
are invariant. Since b, is associated with the three-loop con-
tribution, one may speak about a nonuniversality of the
B-function beyond two-loop order.

Let us elucidate the origin of the Eq. (G2), and compare it
with the equation obtained in the Callan-Symanzik approach.
In the Gell-Mann-Low approach we perform our calculations
with the running coupling constant g, and add counterterms
to the Hamiltonian in order to achieve the finite value of the
bare constant g,. One can show that the above value of
dg,/dA=—(dgy/ IN)/(dgy/ Jg,) is obtained from the expres-
sion
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80=8,—byAg; — (bsA - b3A%)g,

- (b4A - §b2b3A2 + b§A3>g;‘ +. (G3)
If we make the above change g,— g in the right-hand side of
Eq. (G3) and use the same recipe for dg/dA, we return to
Eq. (G2).

In the CS approach we fix the bare value g, and calculate
the renormalized quantity g.(go,A). Inverting the equation
go(g,»A) and using the same recipe we find dg,/dA. One can
check that

8= 80+ byAgl+ (b3A + b3A2)g}

+ <b4A + §b2b3A2 + b%A3>g3 + . (G4)
Assume now that we have changed the starting value g,
=§0+62§3+c3g_3+---, according to above prescription. Evi-
dently, the expansion for g,(gy,A) will be different from Eq.
(G4), as well as the inverse function gy(g,,A) will not coin-
cide with Eq. (G3). One can verify however that the
B-function, —(dg,/ dA)/(dgy/ dg,), is given by the same Eq.
(G1) and not by Eq. (G2). This fact becomes rather obvious,
when we notice that only the left-hand side of Eq. (G3) is
changed and it corresponds to a change in the boundary con-
dition for g,(A) rather than to a change in the differential
equation for it.

APPENDIX H: COMPARISON TO CFT SOLUTION
Consider the differential equation

[ 7 +5e + W (y) =0 (H1)

such that W(y—)=0 and ¥ (y —-%)=y-y,. Here
s=K?exp[2(1 - K)A]

and A=In(T,/T). For given s one finds a solution W(y) char-
acterized by a unique value y, Then, according to
Lukyanov,?® the conductance can be determined as

o K dy
TN=1+Ks—=1+—"7"—"".
O =1+ K m= 1+ oA

(H2)

We now fix the overall temperature scale 7=7/T|, by the
high-T behavior, G=1-7%"1 and ask what is the coeffi-
cient C in the asymptotic low temperature expression G
~ C2& =D To answer this question, we slightly rewrite the
differential equation. Introducing a new variable z=2¢"? we
have

[ =710, + 1 +5(z/2) 2K D0 (z) = 0. (H3)

At s=0 (i.e., T— ) the solution is a modified Bessel func-
tion W(z)=—2K,(z). At infinitesimal s we seek a solution in
perturbation theory as W(z)=-2K,(z)+sR(z)+O(s?). After
some calculation we find the conductance G(T)=1
—KsF(K) with F(K)=R(0) given by

dk

1+ kK

)

F(K) =T7[K] J ) F (KK, 13- k)
0
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=I"*[K]/T[2K]. (H4)

In the opposite limit, s —o(T=0), we choose a variable z
=(2Vs/K)eX'? and arrive at an equation

[~ =29+ 1+5,2)K VW(z)=0,  (HS)

1
with s;=s"VKK>K"-D <. The solution is found similarly to

Eq. (H3) and we get G(T)=-sd,s,F(K~'). Comparing the
two solutions we obtain the prefactor
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C=[K*FK)]VEKS3F(K™). (H6)

In the particular case of K=1/2 we have C=7"/48
=2.029..., in accordance with Ref. 10. For K=1/3 we get
C=10.064 558..., a value slightly different from C
=10.0638 reported in Refs. 11 and 12, where it was obtained
by numerical solution of an integral equation. If we take c;
=1/4 in Eq. (67), then we would obtain C=2 (C=9) for the
cases of K=1/2 (K=1/3), in good agreement with the above
CFT values. It should be noted, however, that apart from this
agreement in the matching coefficient C, the theory in Ref.
28 provides the value of unity for G in the clean wire,
whereas the previous works'%"1? gave G=K in that case.

*On leave from Petersburg Nuclear Physics Institute, Gatchina
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